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1. Introduction 

All rings considered in this note are commutative and Noetherian. We give a 
simple proof of the following result due to Lyubeznik: 



Theorem 1.1. |Ly2| Corollary 4.6] Let (i?, m) be a complete local ring of positive 
dimension, with a separably closed coefficient field of positive characteristic. Then 
the e-th iteration of the Frobenius map 

F : Hl{R) Hl{R) 

is zero for e ^ if and only if dim R > 2 and Spec R \ {m} is connected in the 
Zariski topology. 

We also obtain, by similar methods, the following theorem: 

Theorem 1.2. Let (i?, m) be a complete local ring of positive dimension, with an 
algebraically closed coefficient field of positive characteristic. Then the number of 
connected components of Spec R \ {m} is 

l + diniK f|F^(i/^(i?)). 

In ^ we describe how this provides an algorithm to determine the number of 
geometrically connected components of algebraic sets defined over a finite field: 
computer algebra algorithms for primary decomposition can be used to determine 
the number of connected components over finite extensions of the fields Fp or Q, 
but not over the algebraic closures of these fields. In the case of characteristic 
zero, de Rham cohomology allows for the computation of the number of geometri- 
cally connected components via _D-module methods, (Wal, . and we show that the 
Frobenius provides analogous methods in the case of positive characteristic. 

Theorem II. II is obtained in |Ly2| as a corollary of the following two theorems of 
Lyubeznik and Peskine-Szpiro: 



Theorem 1.3. |Ly2[ Theorem 1.1] Let (A, 9Jt) be a regular local ring containing a 
field of positive characteristic, and let 21 be an ideal of A. Then = if and 

only if there exists an integer e > 1 such that the e-th Frobenius iteration 

is the zero map. 
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Theorem 1.4. jPSI Chapter III, Theorem 5.5] Let (^,971) be a complete regular 
local ring with a separably closed coefficient field of positive characteristic, and let 
a be an ideal of A. Then H^iA) = for i > dim A - 1 if and only i/dim(A/a) > 2 
and Spec(A/2l) \ {9Jl} is connected. 

Our proof of Theorem 11.11 is "simple" in the sense that it does not rely on 
vanishing theorems such as those of [FBI — indeed, the only ingredient, aside from 
elementary considerations, is the local duality theorem. 

Results analogous to Theorem 11.41 were proved by Hartshorne in the projective 
case |HaRI Theorem 7.5], and by Ogus in cquicharacteristic zero using de Rham 
cohomology |Og| Corollary 2.11]. Combining these results, one has: 

Theorem 1.5. Let (A, DJl) be a regular local ring containing a field, and let 21 be 
an ideal of A. Then H^{A) = for i > dim A ^ I if and only if 

(1) dim(^/a) > 2, and 

(2) Spec(A/2l) \ {971} is formally geometrically connected (see Definition \2.1]) . 

Huneke and Lyubeznik |HLI Theorem 2.9] gave a characteristic free proof of this 
using a generalization of a result of Fallings, |Fal Satz 1]. Some other applications of 
local cohomology theory which yield strong results on the connectedness properties 
of algebraic varieties may be found in the papers |BR| and |HH| , where the authors 
obtain generalizations of Fallings' connectedness theorem. 

2. Preliminary remarks 

Notation: When R is the homomorphic image of a ring A, we use upper-case letters 
^, 0, 9Jt, 2t, 03 for ideals of A, and corresponding lower-case letters p,q,m, o, b for 
their images in R. 

Definition 2.1. Let (i?, m) be a local ring. A field X C i? is a coefficient field for 
R if the composition K ^ R R/m is an isomorphism. Every complete local ring 
containing a field has a coefficient field. 

We recall some notions from |R al Chapitre VIII] . Let {R, m, K) be a local ring 
and let /(T) e K[T] denote the image of a polynomial f{T) e R[T]. Then R is 
Henselian if for every monic polynomial /(T) G R[T], every factorization of f(T) 
as a product of relatively prime monic polynomials in K[T] lifts to a factorization 
of f(T) as a product of monic polynomials in i?[r]. Hensel's Lemma is precisely the 
statement that every complete local ring is Henselian. The Henselization of a local 
ring i? is a local ring R^, with the property that every local homomorphism from R 
to a Henselian local ring factors uniquely through R^. The ring R^ is obtained by 
taking the direct limit of all local etale extensions S oi R for which (i?, m) — > (5, n) 
induces an isomorphism of residue fields R/m S/n. 

A local ring (i?, m, K) is said to be strictly Henselian if it is Henselian and its 
residue field K is separably closed. It is easily seen that R is strictly Henselian if 
and only if every monic polynomial f{T) g R[T] for which /(T) G K[T] is separable 
splits into linear factors in i?[T]. Every local ring has a strict Henselization R^^, 
such that every local homomorphism from i? to a strictly Henselian ring factors 
through R^^. The strict Henselization of a field K is its separable closure K^'^^. 
In general, the strict Henselization of a local ring {R, m, K) is obtained by fixing 
an embedding l : K — > K^'^'^, and taking the direct limit of local etale extensions 
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(5, n, L) of {R, m, K) with L ^ J-iT^^P, for which the induced map K — > L — > K'^'p 
agrees with l : K — > K^'^^ . 

The punctured spectrum of a local ring (-R, m) is the set Speci? \ {m}, with the 
topology induced by the Zariski topology on Spec R. We say that the punctured 

spectrum of R is formally geometrically connected if the punctured spectrum of R^^, 
the completion of the strict Henselization of the completion of R, is connected. If 
R is an N-graded ring which is finitely generated over a field Ro = K, then Proj R 
is said to be geometrically connected if Proj {R®k K^''^), is connected. 

Definition 2.2. Let o be an ideal of a ring R. A ring homomorphism ip : R — > S 
induces a map of local cohomology modules Hl{R) H^^g{S). In particular, 
if R contains a field of characteristic p > 0, then the Frobenius homomorphism 
F : R — > R induces an additive map 

H:{R)^HliM^KiR), 

called the Frobenius action on H\{R). An element t] € Hl{R) is F -torsion if there 
exists e e N such that F^{r]) = 0. The module Hl{R) is F -torsion if every element 
of H'^{R) is i^-torsion. The image of F^ is not, in general, an i?-module. However it 
is a -ftT- vector space when K is perfect, and in this case the F -stable part of Hl{R) 
is the if- vector space 

eGN 

Some results about .F-torsion modules and i<"-stable subspaces are summarized in 
fjni For a very general theory of F-modules, we refer the reader to |Lyl| . 

Remark 2.3. Consider a local ring (i?,m) of positive dimension. The punctured 
spectrum of R is disconnected if and only if the minimal primes of R can be par- 
titioned into two sets pi, . . . ,pm and qi, . . . , q„ such that rad(pi -I- q^) = m for all 
pairs pi, qj. Consider the graph F whose vertices are the minimal primes of R, and 
there is an edge between minimal primes p and p' if and only if rad(p -l-p') 7^ tn. It 
follows that the punctured spectrum of R is connected if and only if the graph F is 
connected. If the graph F is connected, take a spanning tree for it, i.e., a connected 
acyclic subgraph, containing all the vertices of F. This spanning tree must contain 
a vertex pi with only one edge, so F \ {pj} is connected as well. 

Let ^Pi, . . . ,*p„ be incomparable prime ideals of a local domain A. Then their 
images pi, . . . , p„ are precisely the minimal primes of the ring R = A/C^iC]- ■ -n^n)- 
From the above discussion, we conclude that if the punctured spectrum of R is 
connected, then there exists i such that the punctured spectrum of the ring 

is connected as well. 

Theorems 11.11 and 11.21 assert that connectedness issues for Spec R \ {m} are 
determined by the Frobenius action on H^{R). We next record an observation 
about the length of H^(R). 

Proposition 2.4. Let (i?, tn) be a local ring which is a homomorphic image of a 
Gorenstein domain. Then H^{R) has finite length if and only if ann^ p = for 
every prime ideal p of R with dimi?/p = 1. 
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Proof. If dimi? = 0, then H^{R) — 0, and R has no primes with dimi?/p = 1. 
If dimi? = 1, then H^{R) has infinite length and dimi?/p — 1 for some minimal, 
hence associated, prime p of R. For the rest of the proof we hence assume that 
dimi? > 2. 

Let R = A/Q where A is a Gorenstein domain. Localizing A at the inverse 
image of m, we may assume that {A, dJl) is a local ring. Using local duality over A, 
the module H^{R) = H^{A/£l) has finite length if and only if Ext;^""^~^(y4/iJ, A) 
has finite length as an A-module. Since Ext'^2"''^'\A/Q,A) is finitely generated, 
this is equivalent to the vanishing of 

Ext^"°^-i(A/0, A)^ = Ext^'-^-i(A^/£jA^,^<p) 

for all *P G Spec A \ {Tl}. Using local duality over the Gorenstein local ring 
(A(p,*pAqj), this is equivalent to the vanishing of 

Trdim Am — dimyl+l / a / , jjdira Am —d\ia A+l , t-, \ 

for all ^ e Spec A \ {9Jl}. This local cohomology module vanishes for *P ^ ViQ)- 
Since dim Aqj — dim A + 1 < for *p g Spec A \ we need only consider primes 

e V{Q) with dim Aqj = dim A — 1. Since A is a catenary local domain, dim Atp 
equals dim A — 1 precisely when dim = 1, which is equivalent to dimi?/p = 1. 
Hence (i?) has finite length if and only if H^j^^ (i?p ) ~ (i?) vanishes for all 
p S Speci? with dimi?/p = 1, i.e., if and only if ann^jp — for all p S Speci? with 
dimi?/p = l. □ 

3. Main results 

Theorem 3.1. Let (i?,m) be a strictly Henselian local domain containing a field of 
positive characteristic. If R is a homomorphic image of a Gorenstein domain and 
dimi? > 2, then ii^(i?) is F -torsion. 

Proof. Suppose there exists rj £ H^{R) which is not F-torsion. Since i? is a domain, 
Proposition 12 . 41 implies that H^{R) has finite length. Hence for all integers e ^ 0, 
the element F'^{7]) belongs to the i?-module spanned by i], F{r]), F'^{r]), . . . , F'^^^{ri). 
Amongst all equations of the form 

(1) F'+'^irj) + nF''+''-\r]) + ■■■ + r,F''{r,) = 

with ri £ R for all «, choose one where the number of nonzero coefficients Vi that 
occur is minimal. We claim that re must be a unit. Note that H^{R) is killed by 
m"? for some q' = p'^ . If r^ £ m, then applying F"^ to equation we get 

^e'+e+fe^^) + r«V"'+'=+''-i(r/) + • • • + r«>"'+'=(r/) = 0. 

But r| F"^ ^^{fi) G 'Ti'' H^{R) = 0, so this is an equation with fewer nonzero coeffi- 
cients, contradicting the minimality assumption. This shows that Tg G i? is a unit. 
Since 77 is not i^-torsion, neither is F'^ijj), so after replacing 77 if necessary, we have 
an equation 

(2) F'=(r/)+riF'^-\r/) + --- + rer/ = 

where re is a unit and 77 £ H^{R) is not i^-torsion. Let rj = [{yi/xi, . . . ,yd/xd)] 
where H^{R) is regarded as the cohomology of a Cech complex on a system of 
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parameters xi, . . . ,Xd for R. Then (jSJ implies that there exists Ve+i G R such that 
each Ui/xi € Rx^ is a root of the polynomial 

f{T) - TP" + nTP"'" + • • • + reT + re+i G R[T]. 



Now /'(T) = re is a miit, so f{T) e i?/m[T] is a separable polynomial. Since i? is 
strictly Henselian, the polynomial f{T) splits in -R[T], and hence any root of f{T) 
in the fraction field of R must be an element of R. In particular, yi/xi — ■ ■ ■ = 
Ud/xd G -R, and so 77 = 0. □ 

We next prove the connectedness criterion, Theorem ll.il By ProDOsition l6.ll the 
module H^{R) is F-torsion if and only if there exists e such that {H^{R)) = 0. 
In view of this, the following theorem is equivalent to Theorem ll.il 

Theorem 3.2. Let {R,xn) be a local ring with dimi? > 0, which contains a field of 
positive characteristic. Then H^{R) is F -torsion if and only if dim R > 2 and the 
punctured spectrum of R is formally geometrically connected. 

Proof. Quite generally, for a local ring {R, m) we have = H}^{R). Moreover, 

S = R^^ is a faithfully flat extension of R, and (g)^ S = Hms{S) is F-torsion 

if and only if (R) is F-torsion. Hence we may assume that i? is a complete local 
ring with a separably closed coefficient field. 

Suppose that H^{R) is F-torsion. The local cohomology module H^'^^^{R) is 
not F-torsion by Lemma f6. 21 so dimi? > 2. Let a and b be ideals of R such that 
o + b is m-primary and o n b = 0. Let 

xi=yi+zi, Xd^yd + zd 

be a system of parameters for R where yi £ a and e b. Since ab C afl b = 0, we 
have yiZj = for all i,j, and hence 

VtiVj yj{y, + z{). 

These relations give an element of H^{R) regarded as the cohomology of a Cech 
complex on xi, . . . ,Xd, namely 



V = 



Xi"''xd 



e Hl{R). 



The hypothesis implies that F'^{rf) = for some e, so there exists q — p'^ and r £ R 
such that {yi/xiY = r in R^^ for all 1 < « < d. Hence there exists < G N such that 

t Q q+t 

xlyi^rx^i , i-e., 

{y^ + z,Yy^^ = r{y, + z,r+K 

But yiZi = 0, so these equations simplify to give (1 — r)y1^^ — rz'f'^^ . Since i? is a 
local ring, either r or 1 — r must be a unit. If r is a unit, then z,^^* G a for all i, 
and so a is m-primary. Similarly if 1 — r is a unit, then b is m-primary. This proves 
that the punctured spectrum of R is connected. 

For the converse, assume that dimi? > 2 and that the punctured spectrum of i? 
is connected. Let n denote the nilradical of R. Note that Spec i? is homeomorphic 
to Speci?/n. Moreover, n supports a Frobenius action and is F-torsion. The long 
exact sequence of local cohomology relating H^{R) and iJ^(i?/n) implies that if 
ii^(i?/n) is F-torsion then so is H^{R), and hence there is no loss of generality 
in assuming that i? is reduced. Let R = A/ n • • • n ^n) where ^i, . . . , *P„ 
are incomparable prime ideals of a power series ring A — K[[xi, . . . ,Xm]] over a 
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separably closed field K. We use induction on n to prove that H^{R) is F-torsion; 
the case n = 1 follows from Theorem l3.il so we assume n > 1 below. 

If dimi?/pi = 1 for some i, then Speci?\{Tn} is the disjoint union of y(pi)\{m} 
and ^(pi n • • • n pi n • • • n p„) \ {m}, contradicting the connectedness assumption. 
Hence dim_R/pi > 2 for all i. By Remark 12.31 after relabeling the minimal primes if 
necessary, we may assume that the punctured spectrum of A/Q is connected where 
£} = n • • • n The short exact sequence 

A/i^i n 0) ^ A/^i e A/Q A/i^i + 0) ^ 

induces a long exact sequence of local cohomology modules containing the piece 

(3) + 0)) H^{A/{^, n 0)) ^ e i/^(A/0). 

Since rad(*Pi + ^971 for some j > 1, it follows that dimA/(<Pi + 0) > 1. 
Proposition K) . 21 f 1 ) now implies that H^{A/ (^Pi+0)) is F-torsion. By the inductive 
hypothesis, H^{A/^i) and iJ(^(A/0) are F-torsion as well. The exact sequence 
© implies that iJ^(A/(CPi n 0)) = H^{R) is F-torsion. □ 

The following lemma will be used in the proof of Theorem 1 1.21 

Lemma 3.3. Let {R,m) be a complete local domain with an algebraically closed co- 
efficient field of positive characteristic. Then H^{R)st, the F -stable part of H^{R) , 
is zero. 

Proof. If dimi? = 0, then H^{R) = 0, and if dimi? > 2, then the assertion follows 
from Theorem 13.11 The remaining case is dim R ~ I. Theorem 16.31 implies that 
H^{R)st has a vector space basis rji, . . . ,7]^ such that F{rii) — rj^. 

Let T] G H^{R)st be an element with F{r]) = 77. Considering H^{R) as the 
cohomology of a suitable Cech complex, let rj be the class of y/x in Rx/R = H^{R), 
where y E R and x E m. Since F{ri) — 77, there exists r G R such that 



and so y/x e R., is a root of the polynomial /(T) ^ TP - T - r e R[T]. The 
polynomial /(T) £ K[T] is separable and R is strictly Henselian, so /(T) splits in 
R[T]. Since y/x is a root of f{T) in the fraction field of R, it must then be an 
element of R, and hence r] ~ 0. □ 

Proof of Theorem M.SX We may assume R to be reduced by Lemma 16.51 First con- 
sider the case where the punctured spectrum of R is connected. If dimi? > 2, then 
Hl^{R) is F-torsion by Theorem ESI so H^{R)st = 0. If dimi? = 1, then i? is a 
domain, and Lemma l3 . 31 implies that H^{R)st — 0. 

We continue by induction on the number of connected components of the punc- 
tured spectrum of R. If the punctured spectrum of R is disconnected, then R — 
A/ (21 n 05) where (A, Tl) is a power series ring over the field K, and 2t and 05 are 
radical ideals of A which arc not QJt-primary, but 21 + *B is 9Jl-primary. There is a 
short exact sequence 

— > A/(2l n *B) — > A/'Ql ® A/S — > ^/(2l + <8) — >0. 

Since H^{A/^) = H^{A/^) ^ ii^(yl/(2l ^ <B)) = 0, the resulting long exact 
sequence of local cohomology modules gives a short exact sequence 

0^^rOT(^/(2l + *B)) — ^i7^(A/(2lnQ5)) ^ ii^(A/2l)©i?ii(A/Q5) — >0. 
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By Theorem 16.41 we have a if- vector space isomorphism 

Since H^{A/{^ + Q5))st = K hy Proposition EiS (3), the inductive hypothesis 
completes the proof. □ 

We next record the graded versions of the results proved in this section: 

Theorem 3.4. Let R be an N-graded ring of positive dimension, which is finitely 
generated over a field Rq = K of characteristic p > 0. 

(1) If R is a domain with dimi? > 2, and K is separably closed, then H^^{R) 
is F -torsion. 

(2) The module H^{R) is F -torsion if and only if dim R > 2 and Proj R is 
geometrically connected. 

(3) Let K be a perfect field, and let K denote its algebraic closure. Then the 
number of connected components of Proj [R ®k K) is 

1 + diniK i?i(i?)st = 1 + dimx([iii(i?)]o).t. 

Proof. (1) Note that H^{R) is a Z-graded i?-module, and that 

F : [Fi (i?)]„ [K{R)]^p for all n G Z. 

The module H^{R) has finite length, so all elements of H^{R) of positive or neg- 
ative degree are F-torsion; it remains to show that elements rj G [H^{R)]o are 
F-torsion as well. Let be a element of [H^{R)]o which is not F-torsion. As in 
the proof of Theorem l3.1l after a change of notation we may assume that 

F^ir]) + riF'-\r]) + ■■■ + r^V = 

where all are in [R]q — K, and re is nonzero. Let rj ~ [{yi/xi, . . . , yd/xd)] where 
H^{R) is regarded as the cohomology of a homogeneous Cech complex. Then there 
exists re+i G K such that yi/xi £ Rx^ is a root of the polynomial 

/(T) = TP' + nTP''" +--- + r,T + re+i G K[T]. 

But f{T) is a separable polynomial, so it splits in K[T]. The element yi/xi = yj/xj 
is a root of /(T) in the fraction field of R, so it must be one of the roots of f{T) in 
K. It follows that r] = 0, which completes the proof of (1). 

The proof of (2) is now similar to that of Theorem 13. 21 and is left to the reader. 
For (3), note that F"^ {H^{R)) is a if-vector space since K is perfect, and that 

dimA'i?m(i?)st = diiaj^H^iR<S)KK)st- 

Thus we may assume K is algebraically closed, and the proof is then similar to that 
of Theorem O □ 

Remark 3.5. Theorem 13.41 (3) generalizes, in the case of positive characteristic, the 
well-known fact that the number of connected components of X = Proj R is 

dimKH"{X,Ox) - l + dimK[H^{R)]o, 

where R is an N-graded reduced ring of positive dimension, which is finitely gener- 
ated over an algebraically closed field Ra = K. The point is that in this case the 
Frobenius is bijective on [H^{R)]q. To see this, let 
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be an element with ^(77) — 0, where H^{R) is computed as the cohomology of 
a suitable Cech complex. Then there exists a homogeneous element r € R with 
{yi/xiY = r in R^. for all 1 < * < c'- Such an element r must have degree zero, 
and hence must be an element of K. But then r^^P € K, and, since R is reduced, 
Ui/xi = r^/P for all i. It follows that 

ry=[(ri/f,...,r-i/f)]=0. 

To complete the argument, note that [H^{R)]o is a finite dimensional ii"- vector 
space, and that if 771,..., 7y„ e [H^{R)]o are linearly independent, then so are 
F(?7i), . . . , F^-qn)- It follows that F : [H^{R)]o — > [Hl^{R)]o is surjective. 

4. i^-PURITY 

A ring homomorphism (p : R — > 5 is pure if (g) 1 : i? (X)^ M — > S M is 
injective for every i?-module M. If i? is a ring containing a field of characteristic 
p > 0, then R is F-pure if the Frobenius homomorphism F : R — R is pure. 
The notion was introduced by Hochster and Roberts in the course of their study of 
rings of invariants in [HEDEEll- 

Examples of -F-pure rings include regular rings of positive characteristic and their 
pure subrings. If a is generated by square- free monomials in the variables xi, . . . , a;„ 
and K is & field of positive characteristic, then K[xi, . . . ,Xn\/a is F-pure. 

Goto and Watanabe classified one-dimensional F-pure rings in |GWj : let {R, m) 
be a local ring containing a field of positive characteristic such that R/m — K is 
algebraically closed, F : R — > R is finite, and dimi? = 1. Then R is F-pure if and 
only if 

R = K[[xi, . . . ,Xn]]/ixiXj : i < j). 

Two-dimensional F-pure rings have attracted a lot of attention: in |Watlj Watan- 
abe proved that F-pure normal Gorenstein local rings of dimension two are either 
rational double points, simple elliptic singularities, or cusp singularities. Watanabe 
also obtained a classification of two-dimensional normal N-graded rings R over an al- 
gebraically closed field Rq, in terms of the associated Q-divisor on the curve Proj R, 
I Wat2| ■ In |MS| Mehta and Srinivas obtained a classification of two-dimensional 
F-pure normal singularities in terms of the resolution of the singularity. Hara com- 
pleted the classification of two-dimensional normal F-pure singularities in terms of 
the dual graph of the minimal resolution of the singularity, |HaNj . 

The results of 50 imply that over separably closed fields, F-pure domains of 
dimension two are Cohen-Macaulay. The point is that if R is an F-pure ring, then 
the Frobenius action F : H^{R) — > iJ,^(_R) is an injective map. 

Corollary 4.1. Let R be a local ring with dimi? > 2, which contains a field of 
positive characteristic. If R is F-pure and the punctured spectrum of R is formally 
geometrically connected, then depth i? > 2. 

In particular, if R is a complete local F-pure domain of dimension two, with a 
separably closed coefficient field, then R is Cohen-Macaulay. 

Proof. An F-pure ring is reduced, so II^{R) = 0. By Theorem 13.11 II^{R) is 
F-torsion. Since R is F-pure, it follows that II^{R) — 0. □ 

In the graded case, we similarly have: 
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Corollary 4.2. Let R be an N-graded ring with dimi? > 2, which is finitely gen- 
erated over a field Rq = K of positive characteristic. If R is F-pure and Proj R is 
geometrically connected, then depth i? > 2. 

In the following example, i? is a graded F-pure domain of dimension 2, but 
depth i? = 1. The issue is that Proj R is connected though not geometrically 
connected. 

Example 4.3. Let K be a field of characteristic p > 2, and a e if an element such 
that ^ K. Let R = K[x, y, x^/a^ y\/o\. The domain R has a presentation 

R = K[x, y, u, v]/{u^ — ax^ , v"^ — ay^, uv — axy, vx — uy), 

and if K^^p denotes the separable closure of K, then 

R ®K K''''^ = K^'^'^ix^y, u,v]/{u - x^/a,v ~ y^/a){u + xy/a,v + y\/a). 

Using a change of variables, R®k K^°^ = K^^^^lx' ,y' ,u' ,v']/ {x\y'){u' ,v'). Since 
{x' ,y'){u' ,v') is a square-free monomial ideal, R(E)k K^'^^ is F-pure and it follows 
that R is F-pure. However, R is not Cohen-Macaulay since x,y is a. homogeneous 
system of parameters with a non-trivial relation 

{xVa)y = {yVa)x. 

Using the Cech complex on y to compute H^{R), we see that it is a 1-dimensional 
if- vector space generated by the element 



Xyfa yy/a 



e ii^ (i?) 



X y 

corresponding to the relation above. Given e G N, let p*^ = 2fc + 1. Then 

which is a nonzero element of H^{R). Consequently H^{R) is not F-torsion, cor- 
responding to that fact that Proj R is not geometrically connected. 

The corollaries obtained in this section imply that over a separably closed field, a 
graded or complete local F-pure domain of dimension two is Cohen-Macaulay. We 
record an example which shows that this is not true for rings of higher dimension. 

Example 4.4. Let if be a field of characteristic p > 0, and take 

A ^ K[xi, . . . ,Xd]/{xf + ■ ■ ■ + xj) 

where rf > 3. Let R be the Segre product of A and the polynomial ring B = K[s,t]. 
Then dim R = d, and the Kiinncth formula for local cohomology implies that 

H^^^iR) = [Hi-\A)]o®K[B]o = K, 

so R is not Cohen-Macaulay. If p = 1 mod d then A is F-pure by |HR2I Proposi- 
tion 5.21], hence A ®k B and its direct summand R are F-pure as well. 



10 



ANURAG K. SINGH AND ULI WALTHER 



5. Algorithmic aspects 

Let R be an N-graded ring, which is finitely generated over a finite field Rq = K. 
We wish to determine the number of geometrically connected components of the 
scheme Proj R, i.e., the number of connected components of Proj {R ®k K), or, 
equivalently, of Proj {R ®k K^°^). While primary decomposition algorithms such 
as those of jEHVj , |GTZj , or |SYj , may be used to determine the connected compo- 
nents of Proj R, there is computationally no hope of "determining" the connected 
components over the algebraic closure, K. However, simply finding their number 
is much easier: by Theorem 13.41 this is 1 + diniK {[H^{R)]o)st- Computing this 
number involves three steps: 

(1) Finding a good presentation of [H^^{R)]o; 

(2) Determining the Frobenius action on [H^{R)]o in terms of this presentation; 

(3) Computing the dimension of the F-stable part, ([i/^(i?)]o)st- 

li R — A/^ for a polynomial ring A, we first replace 21 by an ideal that has 
the same radical as 21, but does not have the homogeneous maximal ideal 9Jl as 
associated prime. This can be done by saturating 21 with respect to 971; if desired, 
one may simply compute the radical of 21, but this is often computationally expen- 
sive. Now, since 9JI is not associated to 21, one can find a homogeneous system of 
parameters xi, . . . ,Xd for R such that each Xi is a nonzerodivisor on R. 

The length £ of [H^{R)]o may be computed by computing the length of its graded 
dual [Ext^~^(i?, A{—n))]Q, where dim A = n. Of course, if this length is zero, then 
Xj^ is connected. Consider the Koszul cohomology modules 

t {{ai, . . . ,ad) e R"^ : UiX* = ajxl for all i < j} 

{(rx*,...,r4):rei?} ' 

These modules have an N-grading, where for homogeneous elements € R, we 
define the degree of [(oi, . . . , a^)] e H^{x{, . . . ,x*^; R) as 

deg[(ai, . . . ,a<j)] = dega^ - degx*, 

which is independent of i. This ensures that for each t, the map 

H\xl...,x'^;R)~.H\x{+\...,x'+';R) 
[(ai, . . . , Qd)] I — » [{aixi, . . . , ttdXt)] 

preserves degrees. The module is the direct limit of these Koszul cohomology 

modules, and the assumption that the Xi are nonzerodivisors ensures that the maps 
in the direct limit system are injective. The modules H^{x\, . . . ,xli; R) may be 
computed for increasing values of t, until we arrive at an integer such that 

e{[H\x^,...,x^;R)]o)^e. 

This gives us a presentation for [H^{R)]q — [H^{x^ , . . . , x^ ; R)]o, in terms of which 
we now analyze the Frobenius map. Replacing the Xi by their powers if needed, 
assume that iV = 1. Let 

a = [(ai, . . . ,ad)] G [H^{xi, . . .,Xd;R)]o, 

in which case, F{a) = [{a^, . . . , a^)] G [H^{xi, . . . ,x^; R)]o- Since the map 

[H\xi,...,Xd;R)]o ^ [H\xl...,xP;R)]o 
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coming from the direct limit system is bijective, it follows that £ ^ R for each 
1 < i < d. Setting bi = a^/xf~^, we arrive at 

F{a) = [(61,..., e [H\xi,...,Xd;R)]o- 

Using this description of Frobenius action on the finite dimensional if -vector space 
[H^{R)]q = [H^{xi, . . . , Xd', R)]o7 it is now straightforward to compute the ranks of 
the vector spaces 

[Hl{R)]o D F{[Hl{R)]o) D F'{[HI{R)]o) 3 . . . , 
and hence of the F-stable part, {[H^{R)]o)st- 

6. Appendix: F-torsion modules and F-stable vector spaces 

Let i? be a commutative ring containing a field K of characteristic p > 0. A 
Frobenius action on an i?-module M is an additive map F : M — > M such that 
F{rm) — rPF{m) for all r G i? and m G M. In this case kerF is a submodule of 
M, and we have an ascending sequence of submodules of M, 

ker F C ker F^ C ker C . . . . 

The union of these is the F -nilpotent submodule of M, denoted Mnii = IJeeN ^'■^^ ^'^ ■ 
We say M is F-torsion if Mnii — M. 

Proposition 6.1. Let (i?, in) be a local ring containing a field of positive charac- 
teristic, and let M be an Artinian R-module with a Frobenius action. Then there 
exists e G N such that F'^{M-a\\) = 0. 

In particular, an Artinian module M is F-torsion if and only if F'^{M) = for 
some e G N. 

Proof. This is proved in |HSI Proposition 1.11] under the hypothesis that R is 
a complete local ring with a perfect coefficient field. The general case may be 
concluded from this, but a more elegant approach is via Lyubeznik's theory of 
F-modules, see |Lyl| Proposition 4.4]. □ 

If i? is a ring containing a perfect field K of positive characteristic and M is an 
i?-module with a Frobenius action, then F{M) is a if-vector space, and we have a 
descending sequence of if- vector spaces 

F{M) D F^{M) 3 F^(M) D . . . . 

The F-stable part of M is the vector space Mgt — {^^^^F'^{M). 

Proposition 6.2. Let {R,m,K) be a local ring of dimension d which contains a 
field of positive characteristic. 

(1) H^{R) is F-torsion if and only if d > 0. 

(2) H^{R) is not F-torsion. 

(3) Ifd = OandK is perfect, then H^{R)st = Rst = K. 

Proof (1) If d = then (i?) = R, which is not F-torsion. If d > then H^{R) 
is contained in m. Since every element of H^{R) is killed by a power of m, it follows 
that each element is nilpotent. (See also |Ly2| Corollary 4.6(a)].) 

(2) View H^{R) as the cohomology of a Cech complex on a system of parameters 
xi,...,Xd for R, and let = [1 + {xi, . . . ,Xd)] € H^{R). For all cq € N, the 
collection of elements F'^{r]) with e > eo generates H^{R) as an i?-module. Hence 
F'^°(ri) cannot be zero by Grothendieck's nonvanishing theorem. 
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(3) Since m is nilpotent in this case, for integers e ^ we have 

F''{H^{R)) = = {xP" ■.xeR}^{iy + zf : y e K, z e m} = K. 

□ 

Theorem 6.3. Let (R, m) be a local ring with a perfect coefficient field K of positive 
characteristic. Let M be an Artinian R-module with a Frobenius action. Then Mgt 

is a finite dimensional K-vector space, and F : Mst > Mst is an automorphism 

of the Abelian group Afgt- 

If K is algebraically closed, then there exists a K -basis ei, . . . ,e„ for Mst such 
that F(ei) = ei for all 1 < i < n. 

Proof. For the finiteness assertion, see jHSI Theorem 1.12] or |Lyl| Proposition 4.9]. 
It is easily seen that F : M^t — > Mst is an automorphism whenever Mst is finite 
dimensionaL The existence of the special basis when K is algebraically closed 
follows from |Di[ Proposition 5, page 233]. □ 

Theorem 6.4. |HSI Theorem 1.13] Let (i?, tn) be a complete local ring with an 
algebraically closed coefficient field of positive characteristic. Let L, M, N be R- 
modules with Frobenius actions, such that we have a commutative diagram 

y L — ^ M — ^ N > 



•1 



F F 



F 



y L — ^ M — ^ N > 

with exact rows. If L is Noetherian and N is Artinian, then the F -stable parts form 
a short exact sequence 

O^Lst^ Mst Nst ^ 0. 

Proposition 6.5. Let [R, m, K) be a complete local ring with an algebraically closed 
coefficient field of positive characteristic. Let n denote the nilradical of R. Then 
for all i > 0, the natural map II^{R) — > H^{R/n), when restricted to F-stable 
subspaces, gives an isomorphism 

Hl{R)st ^ H'^niRMst. 
Proof. Let k an integer such that n*' =0. The short exact sequence 

— >n — > R — > R/n — > 
induces a long exact sequence of local cohomology modules 

> KM ^ H^{R) ^ HliR/n) ^ K:\n) ^ • • • . 

Consider an element fi e ker(/3) n7?^(i?)sf Then /i e image(a), so = 0. The 

Frobenius action on H^{R)st is an automorphism, so /i = 0, and hence the map 
Hm{R)st — > Hl{R/n)st is injective. 

To complete the proof it suffices, by Theorem 16.31 to consider an element r/ G 
iJ^(i?/n)st with F{ri) = rj, and prove that it lies in the image of -ff^(i?)st- Now 
7(7?) G H'^'^{n) so F''{j{r])) = 0, and therefore ^''(77) = ?/ e ker(7). 
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Let T] = for some clement fi G Then f3{F{fj,) — (j) = 0, which 

implies that F{^i) — /i G image(a). Consequently F^'{F{^j) — /z) = 0, which shows 
that F^+^{ijl) = F^{n), and hence that F\ijl) e Hl^{R\f Since 

|3{F\^i))=F\|3{^i)) = F\v,)=rl, 

we are done. □ 
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